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A map on an orientable surface is called separable if its underlying graph 
can be disconnected by splitting a vertex into two pieces, each containing a 
positive number of edge-ends consecutively ordered with respect to counter- 
clockwise rotation around the original vertex. This definition is shown to be 
equivalent for planar maps to Tutte’s definition of a separable planar map. We 
develop a procedure for determining the generating functions NB,b(~) = 
Cpo n,,~, x8, where n,,b,,, is the number of rooted nonseparable maps with 
b + p edges and p + 1 vertices on an orientable surface of genus g. Similar 
results are found for tree-rooted maps. 
1. INT~x~DuCTI~N 
In [12], we used a combinatorial equivalent (cf. [7]) for maps to develop 
an algorithm for counting rooted maps on an orientable surface of 
arbitrary genus by number of edges and number of vertices, and we found 
an explicit formula in the case of maps with one vertex. In [13], we used 
a code (cf. [7]) for rooted maps to develop a procedure for determining 
the generating functions As,&) = Cz=;, u~,~,~x~, where as,a,P is the 
number of rooted maps with b + p edges and p + 1 vertices on an 
orientable surface of genus g. We also found an explicit formula for 
counting tree-rooted maps by genus, number of edges, and number of 
vertices. Similar results were found for rooted and tree-rooted maps 
with no vertices of degree one (except possibly the root-vertex). 
In this paper, we develop a procedure for counting rooted and tree- 
rooted nonseparable maps on an orientable surface of arbitrary genus by 
number of edges and number of vertices. We begin by introducing a 
different definition of separability for maps (one for which the code 
developed in [7] provides a particularly simple test), and showing that our 
definition is equivalent to that of Tutte (cf. [9, p. 2551) for planar maps. 
By examining the codes for nonseparable rooted maps, we redevelop the 
functional relation in [9, Formula (6.3)] between the generating function 
which counts rooted planar maps by number of edges and the corre- 
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sponding generating function for rooted planar nonseparable maps. 
derive a functional relation between C&), which is analogous to A&X) 
defined above and counts rooted maps with no vertices of degree one 
except possibly the root-vertex (cf. [13]), and the corresponding generating 
functions for rooted nonseparable maps. The same functional relation 
holds for tree-rooted maps. Using the formula for C,,,(X) and the corre- 
sponding generating functions for tree-rooted maps which were derived 
in [13], we find for b < 6 the corresponding generating functions for 
rooted and tree-rooted nonseparable maps (see Appendix, Tables I and III). 
Finally, we fmd generating functions to count rooted maps without 
isthmuses, those without separating loops (see end of Section 3, this pa 
and those without either. 
2. GRAPH-SEPARABILITY AND MAP-SEPARABILITY 
A map is defined in [9, p. 2551 to be separable if its edge-set E can be 
partitioned into two disjoint nonnull subsets El and E2 so that there is 
just one vertex v incident with both a member of El and a member of& a 
The vertex v is called a cut-vertex of the map. This concept of separability 
is purely graph-theoretical-it is a function of the underlying graph 
(the I-skeleton of the map) and independent of its imbedding-and is in 
fact equivalent to the definition of “separable graph” given in [IO, pp 6, 
9, 841. We call a map with this property graph-sepnrabfe. (It may be 
shown (cf- [ll, pp. 140-1421) that a nonseparable graph is Z-connected 
in the sense of [I, p. 231, and that a 2-connected graph with no Loops is 
nonseparable.) 
We now introduce a concept of separability which depends not only 
on the underlying graph but also on the cyclic order of the edge-ends 
FIGURE 1 
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around each vertex. Since this order suffices to determine a map on an 
orientable surface (cf. [5, 6]), we call our definition “map-separability.” 
We first define, on an ordered graph [12, 131, the operation of splitting a 
vertex v = (PI ,..., Pd) at PI and pk: It consists of replacing v by the 
two nonnull cycles (& ,..., &) and (j& ,..., pd) (see Fig. 1). If there exist 
two ends p1 and pk in v such that splitting v at p1 and pk disconnects the 
underlying graph, then v is called a split-vertex. An ordered graph 
(or a map) with a split-vertex is called map-separable. 
A split-vertex is a cut-vertex: let El and Es be the edge-sets of the 
components into which splitting the vertex disconnects the underlying 
graph, Thus, if a map is map-separable, it is graph-separable. The 
converse is not necessarily true for nonplanar maps. (See Fig. 2, which 
shows, on the left, a map with one vertex and one face on the torus, 
represented by a square with opposite edges identified in the direction 
of the arrows. There are essentially two ways to split the vertex into two 
parts, as is shown by the two diagrams on the right, and neither way 
disconnects the graph.) 
FIGURE 2 
However, a cut-vertex of a planar ordered graph is a split-vertex. Let 
7.J = <Pl 2 82 ,... , /3J be a cut-vertex of a planar ordered graph (E, P), 
and let El be a minimal nonnull set of edges such that v is the only vertex 
incident with both an edge in El and an edge in Ez = E - El . Choose 
& and pk to be ends of edges in El such that /3k+l , /3k+B ,..., /3$-I are all 
ends of edges in E, . It is now asserted that splitting v into the two 
components v1 = (A, I%+~ ,..., Pd and v2 = (Pktl , Pk+z ,..., /4-d dis- 
connects the underlying graph. 
We first show that there is an elementary chain C, from & to pk. 
Otherwise there is no chain from /$ to pk which does not meet v in any 
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other end. So the edge containing ,& may be put in E, 9 which leaves the 
edge containing p7c in El . But this contradicts the minima&y of EI D 
The edges of C, are all in El . Now, if splitting v into vl and v2 does not 
disconnect (E, P), there must be a chain from an end in vI to an end in Q, 
and thus there is an elementary chain C, , with edges all in E2, from an 
end in v1 to an end in vz, other than ,6$ and & . By the Jordan curve 
theorem, in any imbedding of (E, P) in the plane, C, divides the plane 
into two regions, one containing all the ends Pjtl , pi+z ,...? ,&+.-l , and the 
other containing all the ends plc+I , /&+, ,..., fijPp . Then since C2 meets Y 
only in its endpoints, one inside C, and one outside C, , it must intersect Cl 
at a vertex distinct from v, contradicting the definition of cut-vertex. 
This completes the proof, and shows that a planar map is g~a~~-~ep~~ab~~ 
if and only if it is map-separable. 
Split-vertices were introduced because the parenthesis-integer code 
(cf. [13, 71) provides a simple test for split-vertices. We recall that a 
segment of a parenthesis-integer system is called complete if it is itself a 
parenthesis-integer system. We define a parenthesis-integer system to be 
separable if it may be written 01~6, where a: is nonnull and y is nonnull an 
complete. 
We show that a map is map-separable if and only if it is coded by oz 
separable system. Let M be a map-separable (combinatorial) map. Choose 
a vertex v and a pair of ends PI and & in v such that splitting v at PI and & 
disconnects M. Call MI the component whish contains flit and h4, the 
component which contains PI . This operation is reversible: by.joining 
to M2 at PI and ,&, A4 may be recovered. We show that if 016 codes MI 
rooted at a given end ,l3, and y codes M, rooted at PI , then ayS codes M 
rooted at p. This will prove the result in one direction, because 01 is 
nonnull since it contains the symbol representing the root of ~34~ , and y is 
complete and nonnull because it codes the map M2 , which has at ieast 
one edge. The converse will also follow: given a pare~th~sis~i~~eger 
system 01~6, where 01 is nonnull and y is nonnull and complete, consider the 
rooted maps &II and M, coded by ES and y respectively. Let PI and pk: 
be the ends represented by the first symbols of y and 6 respectively, and 
join M2 to MI at PI and pk. The resulting map, which is separable, is 
coded by ay& and since a system can code only one map, the map coded 
by ay8 is separable. 
Returning to the map M, we considered it as having been constructed 
by joining MI to AI2 at PI and fi2 , and code it, using for a root the root af 
M, and for a spanning tree the union of the spanning trees of MI and M, 
used to code them. At each stage, the touring instruction (go to the other 
end of the edge and rotate counterclockwise to the next end if we are on a 
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tree-edge; otherwise, just rotate) depends only on the spanning tree of 
whichever of Ml or Mz we are on at that stage. Hence the next end is the 
same as it would have been had the other map not been joined to it, 
unless the rotation (possibly preceded by traversing an edge) leads from 
one map to the other. This can happen only twice: on rotating to /3z or 
to & in V. Were the two maps not joined at v, the rotation to ,8r would 
lead instead to plc and vice versa. So, starting at the root of M, , we 
proceed as though MS were not there until we got to file (the coding 
procedure thus far yields a); instead we get to p1 . Then, we continue as 
though M1 were not there until we got back to PI---that is, until M2 is 
completely toured (the coding procedure for this leg of the trip yields y) - 
instead we get to pk. Finally, we continue as though Mz were not there 
until the tour of M1 terminated (the coding procedure for the last leg of 
the trip yields 6, since the interruption of touring Mz does not affect the 
order in which the ends of Ml are encountered). Thus, M is coded by oly8, 
which completes the proof. 
From now on, we define a map to be separable if it contains a split- 
vertex. This definition has been shown to be equivalent for planar maps 
to the definition in 191; so everything derived for nonseparable planar 
maps will apply to the nonseparable planar maps of [9] and [4]. However, 
the nonseparable nonplanar maps will not be the same as those considered 
in [2] and [3]. 
3. A FUNCTIONAL EQUATION FOR NONSEPARABLE SYSTEMS 
If a parenthesis-integer system S is separable, it contains a complete 
nonnull segment a which does not contain the first symbol of S. Since S 
is finite, OL is contained in a maximal complete segment. (From now on we 
write CS for complete segment and MCS for maximal complete segment.) 
Among the family of CS in a separable system S, there is a uniquely 
determined subfamily of MCS which are pairwise disjoint and separated by 
at least one symbol contained in none of the MCS. The complement of the 
union of all the MCS is a complete nonseparable system (called the non- 
separable core N of S> containing the first symbol of S. 
Two distinct MCS are disjoint. Let @ and fly be two overlapping MCS, 
where 01 and y are disjoint, and letfbe a symbol in p. If its mate -f is not 
in /3, then since ap is complete, -f is in 01, and since /3y is complete, 
-f is in y. But CV. and y are disjoint; so for every f in /3, -f is in /3. Then /3 
is complete; so since $I is complete, so is 01, and since Py is complete, 
so is y. Then $y is a CS; since @ is a MCS, y is empty, and since py is 
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a MCS, DI is empty. Therefore c&I = ,l3 = Py, and hence they are identical. 
Each nonnull CS is contained in a unique MCS, because two MCS 
containing the same nonnull CS are not disjoint and must therefore be 
identical. So the subfamily of MCS is uniquely defined. Two MCS carmot 
be adjacent. Otherwise, their union is a CS containing them both, and by 
maximality, this CS must be identical to each MC& So they must be 
separated by a symbol contained in neither, and two MCS not separated 
by another MCS must be separated by at least one symbol in none of the 
MCS. 
Let N be the complement in S of the union of all the MCS. Siince each 
MCS is complete, so is N, and since none of the MCS contains the first 
symbol of S, N must do so. Finally, N is nonseparable. Otherwise it 
contains a segment 01 which is a CS in N and which does not include the 
first symbol of S. Since 01 is part of N, it cannot be a complete segment of S; 
hence there exists at least one of the MCS between the first and last 
symbol of QZ. The union of 01 and every MCS of S between the first and 
last symbol of 01 is itself a complete segment of S which properly foxtails 
at least one MCS but does not include the first symbol of S. This contra- 
diction completes the proof. 
A family P of parenthesis-integer systems is said to be closed under eode 
composition if inserting a member of F between two adjacent symbols (or 
at the beginning or end) of another member of F yields a member of4;; 
and if, conversely, every proper subsystem of a member of F is also a 
member of F, and its removal leaves a member of E: If a family is closed 
under code composition, a separable system belongs to F if and only if its 
nonseparable core and all the MC3 belong to 4;: Then the MC’S of all 
possible members of F are also all the members of F, and are thus counted 
by the same generating function which counts members of R This leads 
to a method of comparing the number of systems in a family closed under 
code composition with the number of nonseparable systems in the same 
family. 
Let F be a family of systems which is closed under code ~ornposi~~~~. Let 
A(x) = Cr-,, aexe, where a, is the number of systems in F with e pairs, and 
let the nonseparable systems in F be counted by N(x) = aa:=:=, IZ,Y. Then 
A(x) = N(x[A(x)]~). 
Proc$ Suppose the nonseparable core has k pairs. Then there are 
2k places for the MCS to go, since the nonseparable core has 2k symbols 
and must contain the first symbol of S. The possible occupants of each 
of these places are counted by A(x); so the possible occupants of all of 
them are counted by [A(x)]~“. Now for a given k, there are nl, possible 
nonseparable cores with k pairs, and the number of ways of inserting MC’S 
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with a total of e - k pairs into the 2k places is the coefficient of xe in 
x~~[A(x)]~~. For nonnull systems with e pairs, k may take any value from 1 
to e. Hence a, = Ci=, nk x the coefficient of xe in x’“[A(x)]~“. Thus 
A(x) - a, = -g i nk x the coefficient of xe in x~~[A(x)]~~ 
e=l k=l 
nK x 5 the coefficient of xe in x”[A(x)]~” 
e=k 
= ,2, nkxk[~(x)12k 
= N{x[A(x)]2} - IQ . 
Since the null system is nonseparable, a, = yzO . Therefore, 
A(x) = N{x[A(x)]2). (1) 
We give a few applications of Formula 1, beginning with a brief 
derivation of the well-known formula for the number of parenthesis 
systems. The set of parenthesis systems is closed under code composition. 
Since there are only two nonseparable parenthesis systems-the null 
system with no pairs and ( ) with one pair, N(X) = 1 + x. So A(x) = 
1 + x[A(x)12; thus A(x) = [l - (1 - 4x)‘12]/2x, and hence the number of 
parenthesis systems with p pairs is (2p)!/(p ! ( p + 1) !). 
The number of integer systems on e pairs has been shown in [13] to be 
(2e)!/(e! x 2”). If we let this number be a,, then u,+~ = (2e + 1) a, . 
Multiply each side of this equation by xe+l and sum over e from 0 to co. 
If we let A(x) = Cz=, aexe, then A(x) - 1 = 2x2A’(x) + xA(x), where 
A’(x) = dA(x)/dx. The closed form for A(x) involves the error function; 
however, it is still possible to use (1) to get a differential equation for N(X). 
Let u = x[A(x)12 so that, by (l), N(U) = A(x). By substitution, 
2N’(u)[N(u) - l] = N(U)[N(U) - 11/U - 1. 
If we let ~1, be the coefficient of zP in N(U), then ytl = ~1~ = 1, and for 
e > 2, M, = CIZ: (2i - 1) nine-i = (e - 1) Cil: ~l~yl,-~ . Then N(x) = 
1 + x + x2 + 4x3 + 27x4 + 248x5 + 2720x6 + ..*. Thus the number of 
nonseparable integer systems on e pairs can be found by a recursion which 
is much more efficient than using (1) directly. 
The number of parenthesis-bracket systems with e pairs is 
[(2e)!/e! (e + l)!] x [(2e + 2)!/(e + l)! (e + 2)!] (cf. [7; 13, p. 1381). 
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The generating function 
A(x) = C [(2e)!/e!(e + l)!] X [(2e i 2>!/(e + l>Ke + 2)!j xc 
e=0 
is hypergeometric, and the problem of expanding the corresponding N(xj 
(and thus finding a closed-form formula for counting tree-rooted non- 
separable planar maps by number of edges) is apparently still unsolved, 
although the first few values do appear in the literature (see [8, p. 93, 
fourth column of table]). The method used above (for integer systems) 
produced the following second-order differential equation for N(X). 
(xW”)(N3 - 16xN) + (~N’)~(16 - 6N) + (xN’)~(~~N” - 16x - MN) 
+ (xN’)(--8N3 + 24xN + 12N2) + 2N2(N2 - N - 6~) = 0. 
The first few coefficients of N(X), found from the above equation by 
computer, appear in Table IVc. 
The family of integer systems coding rooted maps with one vertex 
and one face is closed under code composition. The number of pairs of 
symbols in such a system is twice the genus; so there are 4g slots in a 
nonseparable core of genus g in which to insert MCS. If A(x) counts 
such systems by genus, the functional equation analogous to (I) is 
A(x) = N(x[A(x)]4}. Now A(x) = c,“=, [(4g)!p2q2g + l)!] xv (cf. [13]). 
A closed form for A(x) is presumably unknown; so we use the functional 
relation to find N(X) recursively. Its first few terms are I + x + 17x” + 
1259x3 y- . . . . 
In 191, a formula similar to (1) was proved for rooted planar maps. 
only difference between (1) and Formula 6.3 of [9] is that in (l), A(x) and 
N(X) include a, and no respectively. Adding 1 to Formula (5.2) (9, p. 2543; 
we have 
44 = 9&4 - E>, (8 
where t = 1 + 3x?. Adding 1 to the formula for B(x) on page 257 of {9], 
we have 
N(u) = QU - 71)(3 + q), 
where 7 = -27u/(3 + 7)“. 
By expanding the latter formula using the Eagrange expansion theorem 
(cf. [14]), Tutte found that the number of nonseparable planar rooted maps 
with e 3 1 edges is 2(3e - 3)!/e! (2e - I)! (Formula (6.4) of [9]). These 
numbers appear in [S, p. 93, column 6 of table] although an explicit 
formula is not given. 
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As another example of the application of(l), we use it, together with (3), 
to count rooted planar maps without loops, those without isthmuses, 
and those without either. Suppose /$ and ,Bk are the ends of a loop incident 
on the vertex v = (& ,..., px: ,..., &). The loop is called separating if either 
k = d or splitting v at p1 and /3K+1 disconnects the underlying graph. 
A rooted map has a separating loop if and only ifits parenthesis-integer code 
can be written oliyi6, where y is complete: the edge represented by i is a loop 
if and only if y is parenthesis-complete, and then either 016 is null (k = d) 
in which case y must be complete, or else the above-mentioned split 
disconnects the underlying graph if and only if iyi, and thus y, is complete. 
For planar maps, y must be integer-complete, and thus all loops are 
separating. Similarly, a rooted map has an isthmus if and only if its 
parenthesis-integer code can be written a@)y, where j3 is complete: 
deleting the edge represented by the parenthesis pair has the same effect 
as first contracting the edge (thus deleting the parenthesis pair) and then 
splitting the vertex (which disconnects the underlying graph if and only if 
p is complete). 
The three families of systems satisfying either or both of these conditions 
are all closed under code composition. The only nonseparable system with 
a separating loop is ii; the only one with an isthmus is ( ). So to count 
loopless (or isthmusless) rooted planar maps, subtract ZJ from N(U) in (3) 
and use (l), and to count loopless, isthmusless rooted planar maps, 
subtract 2u from N(U) and use (1). 
From (3), let 5 = --q/3 so that 77 = -31. N(U) = $(l + 30(3 - 35) = 
(1 + 3<)(1 - 5) and 77 = 35 = -27u/(3 - 3@, or 5 = u/(1 - JJz so 
that u = <(I - <)“. 
where 
w4 = (1 + 300 - 0 
(4) 
u = [(l - 5)“. 
For loopless (or isthmusless) rooted planar maps, first subtract u so that 
N(u) now becomes (1 + 35)(1 - 5) - {(l - 5)“. Now let u = x[A(x)‘j2 
and use (1) so that A(x) = N(u). Then u = c(l - 5)” = x[A(x)]~ = 
mT~)12 = x[(l + 30(! - 5) - 5(1 - 5)“l”. 
* 5 = x[l + 35 - [(l - C)]” = x[l + 25 + 5”l” = xv + 51”. . . 
Also A(x) = N(u) = 1 + 5 - c2 - 5”. 
In Lagrange’s expansion theorem (cf. [14]): 
5 = a + t@P(O rj. F(5) = F(a) + ~~(t”/e!)(de-lidas-)[F’(a)~~(a)f81, (5) 
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l?utE;(S)=l +%--5”--5 3; soF(0) = 1 and6;‘(<) = 1 - 25 - 312. Then 
A(x) = 1 + C,“=, (x”/e!)(d+-l/de-l)(1 - 25 - 31j3(1 + <)4e / 5=t, . 
e # 0, a, = (l/e) X coef. of <“-I in (1 - 25 - 3 5”)(1 + <)*” 
= We) [(,? 1) -2 ie 4” 2) - 3 i, “e J] 
= 6(4e + l)!/e!(3e + 331. 
This formula also holds when e = 0. Thus the number of rooted planar 
loopless (or isthmusless) maps with e edges is 
6(4e + l)!/e! (3e + 3)! . (6) 
For loopless, isthmusless rooted planar maps, first subtract 2~ to change 
N(u) to (1 + 35)(1 - c!J - 25(1 - 5)“. Now let $1 = x[A(x)]” and use (I) 
so that A(x) = N(u). Then 
M = C(l - 5)” = T@(X)]2 
= x[N(u)]2 = x[(l f 35)(1 - 5) - 25(1 - ()“I”. 
Hence 5 = x[l + 31 - 25(1 - <)]” = [I + 5 + 2<“]2. Also A(x) = N(U) = 
1 + 5” - 2p. 
In Lagrange’s theorem, put F(c) = 1 + 5” - 213; so -F(O) = 1 and 
F’(l) = 25 - 6c2. F or e 3 1, a, = (2/e) [coef. of P-2 - 3 X coef. of P-3 
in (1 + 5 + 252)2”]. Now 
(1 + i -i- 253”” = 2 (1 + 5)‘(21”)““-’ (f) 
r=0 
in which the coefficient of 6” is Czt” (2;;) 2T (y). So 
E(e-2) /21 16-3) izl 
(, !y-izJ 12? (“k) - 3 (, ‘“--‘,,) 2’ (“:) 
c-9 
where, in the upper limits of summation, [n] means the integral part of n, 
The number of rooted planar loopless isthmusless maps with e edges is given 
by (7) when e > 1; when e = 0, the number is 1, This enumeration is 
extended to nonplanar maps in Section 5. 
4. COUNTING ROOTED AND TREE-ROOTED 
NONSEPARABLE MAPS BY GENUS 
In [13], we found an expression for A&X) = CL0 ag,b,9~~, where CJ,,~,, 
is the number of rooted maps of genus g with b + p edges and p + 1 
vertices. Formula (1) cannot be used as it stands to find the corresponding 
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generating functions N,&x) for rooted nonseparable maps, because the 
family of maps counted by A,,&) is not closed under code composition. 
In fact, both g and b are additive under code composition. This suggests 
a modification of the method used to prove (I), by which the N,,,(X) 
may be found. 
We first show that the family of canonical systems (cf. [7; 13, p. 1261) is 
closed under code composition. If ay and /3 are systems, either of which 
contains a forbidden subsequence: i(i), so does olj5y. Conversely, suppose 
the system U&J (where p is a complete system) contains a forbidden 
subsequence: i(i). If the first i is in p, p contains the second i (because it is 
complete), the left parenthesis (because it is a segment), and the right 
parenthesis (because it is complete); hence, it contains the whole forbidden 
subsequence. If the first i is not in ,8, it must be in cy.y which, being complete, 
must also contain the second i. Now the left parenthesis cannot be in ,B; 
otherwise, the right parenthesis is also in /3 and so is the second i, which 
has been shown to be in oly. Therefore, the left parenthesis (and, by 
completeness, the right parenthesis) must be in cry; hence cry contains the 
entire 4-symbol forbidden subsequence. Thus a forbidden subsequence 
in the whole system must be contained either within p or oly. This completes 
the proof, and shows that a system is a nonseparable canonical system if 
and only if it is the nonseparable core of a canonical system. 
Some simplification is afforded by replacing A,,,(x) by C,,,(X) (also 
discussed in [13]), which counts systems such that every parenthesis pair 
encloses at least one integer, corresponding to rooted maps with no vertex 
of degree 1, except possibly the root-vertex. Only one nonseparable system 
violates this condition: namely, ( ). If one of the MCS of a separable 
system has a parenthesis pair with no integers between them, the same 
will be true of the whole system. And if the system has a parenthesis pair 
with no integers between them, either the same is true for one of the MCS, 
or else the nonseparable core is ( ) and the MCS between the parentheses 
of the core is a parenthesis system. Thus, if this latter case is taken into 
account, the functions C,,,(x) (which turn out to be simpler) may be used 
to count the whole system and the MCS, and N9,b(~) which counts non- 
separable cores will still count all nonseparable canonical systems. 
Now suppose the nonseparable core has b’ < b integer pairs and 
p’ < p parenthesis pairs and is of genus g’ < g. The MCS can be put in 
any of 2p’ + 2b’ places, and their respective g, , b, , pi will sum to g - g’, 
b - b’, p - p’. The generating function for all the MCS is 
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where in C gi and C bi , i runs from 1 to 2p’ + 2b’. IfiQg,h = Cz4 N~,~,J~+ 
then 
We first eliminate the cases where b’ = 0 and b’ = 6. 
Case 1. b’ = 0. The nonseparable core is ( ). Then g’ = 0, pi = 1, 
and i goes from 1 to 2. The contribution of this case to (9) is 
Now b, is not allowed to be 0; otherwise the MCS between the parentheses 
of the nonseparable pair has no integers, and so the system has a 
parenthesis pair with no integers between them. If b, = 0: the corre- 
sponding segment is null. So the contribution is xc,,,(x) C,,,(x) = xc,,,(x). 
Bring this term over to the LHS of (9), changing it to (1 - x) C&x), 
and the first term of the RHS to 
x c c,,,b,(x) C-Dt,bB(X)* 
sl+OZ=5 
b,+b,=b 
bl#0,b2#0 
Case 2. b’ = b. Then C bi = b - b’ = 0; so each bi (and therefore 
each gJ is 0; so C gi = 0 and g’ = g. The contribution of this term to (9) 
is 
IF 
ZP’t2b’ 
ns~b,~‘xp’ n cO,O(x) = Ns,b(d. 
p’=O i=l 
The remaining terms in the RHS are 
From the product, we remove all the terms C,,, = I. There must be at 
least one other term, since C bi = b - b’ > 1, and at most b - b’ other 
terms. Suppose there are z terms in the product which are not C,,, . Then 
(12) becomes 
f C ‘2’ (‘“’ z 2b’) ylgp,br,prx9’ C * 
Ggi,bi(Xh 4w 
P'=O l<b'<b-1 z=l 
Ll'<Q 
.xQi=g-g' i=l 
Zb*=b-b‘ 
be>0 
s8zb/r8/3-4 
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To express (13) in terms of Ns&) and its derivatives, we expand 
t~e~~rinerms of 1, p’, (2”‘) ,..., ( (I’). Using finite differences, we derive 
Also, 
i. (% ) xp’-k%,,bf,,~ = A Apb’(X), 
(14) 
where P)(x) means &Y(x)/@. Collecting all these formulas, we have 
for b 3 1, 
N&b(X) = (1 - 4 C&b(X) - x C,,,b,(X) G,,b,(X) a1+g2=9 
b,+b,=b 
bl#O,bZ#O 
- 
1 ‘2’ [ c fi cgi.b#] ,cx g $‘!b’&) Hk,b’.z 9 
lqb’<b-1 z=l Zgs,=s-s' i=l 
S'<S Hbi=b-b’ 
bi>O (16) 
where Hk,bt,z = Cico (~)(“‘~~). 
For quick computation of the Hk,b’,S’ we use the easily verifiable 
identities: 
and 
H k,b'+l,z = fbc,b',z + Hk+l,b',z' 
H k,o,z = (2 fk)! 22k--a 
if 2k 3 z, 
0 otherwise. 
From Formula (16), which is recursive in the functions N&&), we can 
predict the form which these functions must take: If b > 0, 
Ng,&) = (1 - x)-‘2b-1) Lg,,[(l - x)-l - 11, (17) 
where &,,b is a polynomial of degree b - 1 with integral coeficients. 
It has been shown in [13] that c,,,(x) = (1 - x)-~~ x &,b[(l - x)-l - 11, 
where &,b is a polynomial of degree b - 1 with positive integral coeffi- 
cients. With b = 1, (16) becomes 
N,,,(x) = (1 - x) C,,,(X) = (1 - x)-l K,,, = (1 - x)-l; 
so (17) is true for b = 1. 
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Suppose it to be true for every positive integer less than b. Consider 
the terms of (16) one at a time. The first term is (1 - x) C,,,(x) = 
(1 - x)-(26-P) x K&(1 - x)-l - 11, which satisfies (17). The second 
term is 
where 7 = (1 - x)-l - 1. 
&.&) Kgp,bz(y) is of degree 6, - 1 $ b, - 1 = b - 2. But 
[l - (1 - x)](l - x)-26 = (1 - x)-(2”~l’[(l - x)-l - 11, 
so the second term is (1 - x)- (2b-P) x a polynomial of degree b - 1 with 
integral coefficients. 
In the last term, consider the product 
fJ G,,biW = (1 -X)-2(b-b’) zj KSi.bi[(l - x)-f 11. 
The product of the .8&b, is a polynomial of degree b - b’ - z with 
integral coefficients; hence so is the sum of the products over the sets ofg4 
and bi I 
By the induction hypothesis, 
A$~,,@) = (1 - X)-(2b’-1) .&,,,,[(I - x)-l - 11; 
so 
Now L,,,5’[(1 - x)-l - l] is a polynomial. in (1 - x1-l of degree 
b’ - 1 with integral coefficients; so (dk-j/&x”-j) L.,,,,f[(l -x)-l - l] L- 
(k -j)! (1 - x)+-j) X a polynomial in (I - x)-l, or equivalently 
in (1 - x)-l - 1, of degree b’ - I with integral coefficients. Now 
(I/k!)(~)[(Zb’ +j - 2)!/(2b’ - 2)!](k -j)! = (““‘f’-“j which is an integer 
and so are all the coefficients Cj”=, (-l)j (j”> 2”-j (“~l~$j). Also, x” = 
[I. - (1 -x)1” = (1 - x)“[(l -x)-l - l]“* 
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so 
$ @;b’(x) 1 i (-I>’ (p ) 2”-j (y&q = (1 - X)-(-l) 
j=O 
x a polynomial in (1 - x)-l of degree b’ + k - 1 
with integral coefficients. 
These terms must be summed from k = 1 to z, bringing the degree up 
to b’ + z - 1, and then multiplied by (1 - x)-~@-~‘) x a polynomial of 
degree b - b’ - z. So the power of (1 - x)-l goes up to 2b - 1, the 
degree of the polynomial goes up to b - 1, and the coefficients are still 
integers. By summing the three terms in the RHS of (16), it may be shown 
that (17) holds for b, which completes the induction. 
A list of the polynomial factors Lg,b(y) for 1 < b < 6 is given in 
Table I of the Appendix. (Clearly, N,,,(X) = 1 + x.) Table II gives the 
numbers of rooted nonseparable maps on the torus calculated from these 
generating functions for 2 < b < 11 and 0 < p < 11. 
Examining Table I leads to the conjecture, as yet unproved, that if b 
is positive, all the coefficients are positive except that Zo,b,O = 0 if b > 2. 
It follows from (17) that N9,b(~) is determined by its first b coefficients 
ns,b,n ( p = 0, l,..., b - 1); in fact, 
andifb >p, 
n S,b,P = z ("",1"; ") i (-1)" (2b +L - ") n,,,,j-k. (19) 
k=O 
From (17), 
~SLbW = if 
b-l 
?z,,b,sxp = (1 - X)-+-1) c Z&(1 - x)-l - l]j 
p=0 j=O 
(where Is,b,j are integers) 
b-l b-l 
= 1 &)Jl - ,)-(2y-(l - x)-l - ]]i = -j$ &b,jxj(l - 4-(2a++-1). 
i=O j=O 
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Equating coefficients of x” gives 
With p = 0, l,..., b - 1, (20) gives a set of b linear equations in the b 
unknowns ?s,b,j , 0 < j d b - 1. The matrix of coefficients is triang~~ar~ 
all the terms above the main diagonal are 0 and all the terms on the main 
diagonal are 1. So the matrix is nonsingular, and the set of equations has 
a unique solution for lo,b,$, 0 < j < b - 1. 
It remains to show that (18) satisfies (20) for 0 < p < b - 1 1 With 
substitution from (18), the right side of (20) becomes 
$ j2b ,+” ; “) i ng,b,j-~e(-l)k (2b+; - 2, k=O / 
Now (2bz!;2) is the coefficient of xP-j in (1 + x)“~+~‘-~ and (-I)+-” (:$I$) 
is the coefficient of ~j-~ in (1 + ~)-(~~+~--r)~ 
Therefore the sum from j = k to p of the product of these two terms is 
the coefficient of x*-~ in (1 + x)p+--l, which is 0 unless p = k in which 
case it is 1. So the right side of (20) is nQ,b,2, which is equal to the left side. 
This proves (18), and (19) may be derived by substituting (18) into (200) 
for p 3 b. 
y a similar argument, it may be shown that 
andifp > b, 
and (22) 
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In the above discussion, the restriction that the systems be canonical 
can be dropped; (16) holds with the following two modifications: 
1. C,,,(X) is replaced by T,,&c), which counts all systems such that 
every parenthesis pair encloses at least one integer, and thus counts all 
tree-rooted maps with no vertices of degree 1 except possibly the root- 
vertex; and 
2. Ns,&c) is replaced by S&X), which counts all nonseparable 
systems, and thus counts all tree-rooted nonseparable maps. 
It follows from the discussion at the end of [13] that 
Zb-1 (26 + q - 1) ! 
q=. q ! (q + 1) ! (2b - q - 1) ! Xn(l - X)-q* 
(23) 
The numbers LZ~,~,,, are known explicitly (cf. [12]); hence S,,b(x) can be 
computed recursively by using (16). By the same argument used to prove 
(17), it may be shown that (17) holds for Sg,&), provided that the degree 
of the polynomial factor is changed from b - 1 to 2b - 1. These poly- 
nomial factors are listed in Table III for 1 < b < 6; (S,,,,(x) = 1 + x). 
The numbers of tree-rooted nonseparable planar and toroidal tree-rooted 
maps where b < 6 are listed in Tables IVa and IVb. Note that face-vertex 
duality holds for planar maps but not for toroidal ones, By summing 
,s~,~,~ for b + p = e, it can be shown that these numbers are compatible 
with Tamari’s tables (cf. [8, p. 933). Since T,,,(X) is known in closed form, 
it may be possible to find a closed form for S&X), using (16); then a 
formula for the number of tree-rooted planar nonseparable maps with e 
edges would fall out as a special case. 
5. COUNTING ROOTED MAPS WITHOUT ISTHMUSES AND/OR 
SEPARATING LOOPS 
A modified version of (16) may be used to count rooted maps without 
isthmuses, once the Ns,&) have been found. The only nonseparable map 
with an isthmus is the link-map; if this is forbidden, the Case 1: b’ = 0 
of the derivation of (16) is eliminated. Solving for C&X), the formula 
then reads: 
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where 
The N&X) count rooted nonseparable maps, and the C,,,(X) obtained 
recursively from (24) count all rooted map without isthmuses, since a map 
without an isthmus cannot contain a vertex of degree 1. For positive 6, 
these functions take a form similar to Ns,~(+: a power of (1 - X)-I 
multiplied by a polynomial in x(1 - x)-l with nonnegative integral 
coefficients. The power of (1 - x)-l and the coefficients of the polynomial 
are tabulated for 1 < b < 6 in Table Vb. 
If separating loops are also forbidden, the loop-map is dropped from 
the list of allowable nonseparable maps, which changes N,,,(X) from 
(1 - x)-l to (1 - x)-l - 1 = x(1 - x)-l. The same functional relation 
(24) yields new Cs&), which now count all rooted maps with neither 
isthmuses nor separating loops. These functions are tabulated (for the 
same range of values of b) in Table Va. When b = 2g, the functions are 
identical to those for isthmusless maps, because no map with b = 2.g 
can have a separating loop; its removal would decrease b by 1 without 
affecting g, and b cannot be less than 2g. The numbers of planar and 
toroidal maps with neither isthmuses nor separating loops are given in 
Tables Via and VIc, up to as many edges as the available data have 
permitted their calculation. Face-vertex duality holds for both planar and 
nonplanar maps, which provides a check on the calculations. Also, the 
sum over the number of vertices of the number of loopless isthmusless 
planar maps with a given number of edges agrees (up to 13 edges) with 
Formula (7), which was used to complete Table Via for 14 and I5 edges. 
If only separating loops are forbidden, (16) may be used unmodified 
except for transposing to solve for C&X) and replacing N,,,(x) 
x(1 - x)-l. The C,,,(X) thus obtained will count rooted maps with no 
separating loops, and with no vertices of degree 1, except possibly the 
root-vertex. To count all rooted maps without separating loops, we use 
the formula 
b- 1 - (1 - 4.+/2 
x c.v,b 1 i 2x - 1 I (25) 
derived in [13], which holds because the condition for a separating loop 
is not affected by the insertion of a parenthesis system between two symbols 
of the code. 
To expand (25), we first express C,,,(x) as (1 - x)-” x a polynomial of 
degree 2b - 1 in x(1 - x)-l: say, Cfzi” Zixi(l - x)-++~!, and then use 
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Lagrange’s expansion theorem. The absolute term is &, , and the coefficient 
of xP (for p 3 1) is 
(26) 
Face-vertex duality holds for both planar and nonplanar maps, so that 
the number of rooted maps without separating loops with e edges, f faces, 
and z, vertices is the same as the number of rooted isthmusless maps with 
e edges, ~1 faces, andfvertices. Both the generating functions for isthmusless 
maps (see Table Va) and those for maps without separating loops 
(see Table Vc) were used to tabulate isthmusless planar and toroidal 
rooted maps (see Tables VIb and VId). The sum over the number of 
vertices of planar isthmusless maps with, a given number of edges agrees 
(up to 13 edges) with Formula (6), which was used to complete Table VIc 
for 14 edges. 
The same method was used for tree-rooted maps; the generating 
functions appear in Tables VIIa-VIIc and the numbers of planar and 
toroidal tree-rooted maps without isthmuses and/or separating loops 
appear in Tables VIIIa-VIIIe. Face-vertex duality holds only for planar 
tree-rooted maps; so there is no check on the calculations in the nonplanar 
case. As the chance of making an error increases rapidly with b, the 
calculation of the generating functions for genus 1 and genus 2 was 
terminated at b = 5. This, together with the size of the coefficients of the 
polynomial factors of the generating functions, underlines the utility of 
a closed form for S&X), if one can be obtained. 
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APPENDIX 
TABLE I 
The Coefficient IU,b,i of yi in the Polynomial L&y) 
i 
b g 0 1 2 3 4 5 
i 0 1 
2 0 0 
2 1 1 
3 0 0 
3 1 4 
4 0 0 
4 1 10 
4 2 17 
5 0 0 
5 1 20 
5 2 228 
6 0 0 
6 1 35 
6 2 1536 
6 3 1259 
1 
1 
1 
19 
1 
120 
109 
1 
471 
2604 
1 
1407 
28345 
17187 
4 
16 
12 
328 
188 
25 
2734 
8941 
44 
14386 
165024 
77778 
24 
232 
96 
132 176 
5388 3264 
11728 5184 
442 1456 1456 
5.5110 99712 81296 
405990 440016 172992 
154586 139776 47040 
TABLE II 
The Number i~~,~,~, of Rooted Nonseparable Maps with b + p Edges andp + 1 Vertices 
on the Torus 
P 
b0 1 2 3 4 5 6 7 8 9 
2 1 4 10 20 35 56 84 120 165 220 
3 4 39 190 651 1792 4242 8988 17490 31812 
4 10 190 1568 8344 33580 111100 317680 811096 
5 20 651 8344 64667 361884 1607125 5997992 
6 3.5 1792 33580 361884 2727561 15934816 
7 56 4242 111100 1607125 15934816 
8 84 8988 317680 5997992 
9 120 17490 811096 
10 165 31812 
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TABLE IVc 
The Number of Nonseparable Planar Tree-Rooted Maps 
with e Edges 
e 
0 1 
1 2 
2 2 
3 6 
4 28 
5 160 
6 1036 
7 7294 
8 54.548 
9 426960 
10 3463304 
11 28910816 
12 247104976 
13 2154192248 
14 19097610480 
15 171769942086 
16 1564484503044 
17 14407366963440 
18 133978878618904 
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